Abstract -We study the problem of Bose condensation at zero temperature and weak coupling for a three dimensional system of bosons, interacting with a repulsive short range potential, in the Bogoliubov approximation. We prove that the properties of the model can be explained in terms of an anomalous asymptotically free renormalization group ow and we show that the two-point correlation function has the typical super uid behaviour at long wavelengths, as generally expected. The proof is, for the moment, only at the level of perturbation theory in the running coupling constants. We also obtain an expression for the sound speed, whose leading term (when the coupling goes to zero) coincides with the sound speed in the exactly soluble Bogoliubov model.
Introduction
It is commonly believed, following the pioneering paper by Bogoliubov 1] , that a three dimensional system of bosons at zero temperature, interacting with a weak repulsive short range potential, exhibits condensation and super uid behaviour. In the perturbative theoretical analysis, the two phenomena are related to the asymptotic behaviour of the two-point correlation function S(x ? y), where x ? y is the space-time (imaginary time) separation. There is condensation if S(x ? y) ! > 0 as x ? y ! 1, being the condensate density, while the super uidity is related to an anomalous behaviour of S(x? y)? , whose Fourier transform is expected to have a singularity of the type (k 2 0 +c 2 k 2 ) ?1 , to compare with the singularity (?ik 0 + k 2 =2m) ?1 of the free Bose gas (see, for example, 2]). In fact this anomaly explains, according to Landau's criterion 3], the super uid properties of the system, whose spectrum is expressed, for small momenta, in terms of collective excitations with speed c.
The renormalization group approach allows us to solve in a relatively simple (but not standard) and non ambiguous way the di cult infrared divergences problems, which plague the perturbation theory of the model, by reducing them to the study of the ow equations for a nite number of quantities (the running couplings and the renormalization constants, see below), which describe the relevant properties of the interaction on di erent scales. Our main result is that one can control this ow at level of perturbation theory in the running couplings, so obtaining a strong justi cation of the generally accepted picture of Bose condensation and super uid behaviour. Moreover, it is reasonable to guess (at least for people working in rigorous renormalization group theory) that our results could be improved, by solving in this case the so called large elds problem, so that one can get a rigorous construction of the model, valid for small coupling but not perturbative.
There is of course a huge physical literature on the perturbative theory of Bose condensation at zero or small temperature. As far as we know, up to 1994, the more convincing results about the super uid behaviour at zero temperature were contained in 4] (see also references therein), where the authors used arguments similar to the ones that we will explain in this paper. However, at our knowledge, there was no previous treatment of the problem explicitly based on renormalization group arguments. The results contained in this paper were presented at the Workshop in Constructive Physics, held at the Ecole Polytechnique, Palaiseau, in july 1994 8], and were discussed also in 9].
Recently, there was a renewed interest on the subject of Bose condensation, motivated by new experimental results 12], and a new paper appeared 10], explicitly based on renormalization group ideas, where a more heuristic approach to the problem was used.
In 10] the authors consider also the two-dimensional case, which will not be treated here, because the corresponding renormalization group ow can not be rigorously studied, even at level of perturbation theory, at least by using only the ideas of this paper; in fact in the two dimensional case, there is a relevant non gaussian contribution to the e ective potential. In the present paper we present a simpli ed version of the derivation of the main results discussed in 8], 9] (which agree with those of 10]).
Of course, in the three dimensional case the main results of 10], which essentially follow from dimensional arguments and symmetry considerations, are in full agreement with the results of this paper. (1)
where i = 1 and is the permutation of (1; : : : ; n), such that t (1) > t (2) > : : : > t (n) .
In particular de ne S(x) S ?+ x;0 . The functions (1), which we shall call the Schwinger functions, describe the properties of the ground state of the above bosons system (essentially by de nition) in the grand canonical ensemble with chemical potential .
The case = 0 is trivial and one nds that, if < 0 is taken as a function of ; L, which goes to 0 as L; ! 1, in such a way that the number of particles in the condensate (the state k = 0) is xed (that is, e (1 ?
where k = (k 0 ; k).
The other Schwinger functions can be calculated by the Wick rule; they will describe the ground state of a system of non interacting bosons with density , a Bose condensed state.
Let us now consider the case > 0. As it is well known (see, for example, 2]) the Schwinger functions can be expressed as functional integrals in the following way: 
has the role of a control parameter that should be xed so that the limiting theory is meaningful as a perturbation of the free theory with propagator (2) . If this program is successful, it is natural to say that there is Bose condensation at T = 0 with given density and chemical potential ? .
The form of the covariance (2) shows that the elds ' x can be represented as ' x = + x ; (6) being variables independent from x and with covariance h ? + i = , while the elds x have covariance h ? The integration with respect to can be thought as a Gaussian integral by writing 
we see that the computation of h + ? i in presence of interaction will lead to the integral:
where W 0 is a normalization constant and the equality to of the above integral is just the requirement that the condensate density should be . Therefore equality (8) can hold if and only if the function W( ), which is a function of the product + ? , by symmetry considerations, reaches its minimum at + ? = . And in this case + ? will be a sure random variable, provided the minimum is not degenerate. This implies that, in order to get a condensate with density , one has to choose so that the free energy (7) has a minimum in + = ? = p > 0.
These considerations are a heuristic justi cation of the so called Bogoliubov approximation, very usually used in the literature, consisting in replacing the elds by a real positive constant external eld and by choosing its value so that the ground state energy is minimum. In agreement with this approximation, we shall assume that, in order to study Bose condensation at T = 0, one has to consider the measure N ?1 e ?V ( ) P(d ) ; (9) where N is a normalization constant, V ( ) is obtained from (5) trough the substitution (6), + = ? = p and has to be chosen so that the free energy is minimum for the xed value of .
The Schwinger functions of the eld are de ned by an expression similar to (3) and we shall use the symbolS to denote them. Their perturbation expansion is obtained in the usual way in terms of the propagator S 0 (x ? y). Note that the measure (9) The renormalization condition (10) has here the same role of the condition which determines the critical temperature in Statistical Mechanics; therefore it is natural to use it, instead of the free energy minimum condition, as the condition xing the chemical potential, in a renormalization group analysis of the measure (9) .
The problem we want to study is an infrared problem; therefore we shall consider a simpli ed model by substituting S 0 (x) with g 0 (x) = 1 Note that the assumed presence of the ultraviolet cuto on the scale of the interaction potential is reasonable only if p ?3 0 1, that is, only if there is in mean much less than one particle in a cube with side equal to the range p ?1 0 of the potential.
Hence we have to study the measure:
(12) where P ( 0) (d ) is the measure with covariance (11). We can do that by a multiscale analysis, in the form presented in 6] and applied to a \similar" infrared problem, the one dimensional Fermi gas, in 9]. We shall now give a rough description of this analysis. A more detailed discussion will appear in the next future 11].
The renormalization group ow
The infrared behaviour of the model should not change, if we localize the potential V , so obtaining:
x ) 2 We now observe that, if the local terms of order greater than two were not present (so obtaining the exactly soluble Bogoliubov model), then the condition (10) could be imposed, by choosing = ?2 v(0), that is by putting equal to zero the coe cient of + ? . This observation implies that the \natural" way to study the measure (12) is to change the free measure, by absorbing in it the local terms of V , quadratic in the eld, which remain after imposing the condition 0 +2 v(0) = 0. We shall denote P B (d ) the new measure and we shall call it the renormalized free measure.
As it is well known 1], the renormalized free measure has indeed the super uid behaviour for k ! 0, with c 2 = c 2 B 2 v(0). We can show that this is true also for the measure (12) , that we shall write in the form:
It is convenient, before proceeding, to change the basic elds by de ning: 
In order to study the measure (14), we make the scale decompositionC 1 2 (x) = P 0 h=?1C 1 2 h (x), whereC 1 2 h (x) is obtained from (16) by substituting t 0 (k) withT h (k) = t 0 ( ?h k) ? t 0 ( ?h+1 k), and the scaling parameter is a any number greater than 1. We have the scaling relations:C 1 2 h (x) = (3+ 1 + 2 2 )hg 1 2 h ( h x) ; 
Note thatg 1 2 h (x) are essentially independent of h, for h ! ?1. (10), if we can also show that h and~ h go to 0 as h ! ?1 (asymptotic freedom). In fact, in this case, it implies that, for h ! ?1, the e ective potential is of the second order in the elds and that they appear only in the combination ( + x + ? x ) 2 = 2 F 02 , up to terms containing eld derivatives, which do not in uence (10) . A simple calculation allows one to prove that this structure of the e ective potential implies the renormalization condition. 
We can iterate this procedure, so de ning a family of measures P h (x) = 1 
where c 0 is a suitable positive constant, depending on A ?1 and B ?1 . The discussion of the above equations is elementary and, starting from initial datum Z 0 = " (or any other close to it), the result is that, if 0 is chosen so that h is bounded uniformly in h, then, asymptotically: Z h = 4 h = ? h = p 2 = c jhj ?1 , h = O( h ), if c is a suitable constant (" independent). At this point it is a standard task to check that all the neglected terms in the beta function are at least of order 1=jhj 2 . Hence they can not change in a substantial way the asymptotic properties of the ow (up to convergence problems). By using the techniques of Ref. 6], one could also prove that the sum of all terms of order n, in the expansion of r h?1 in terms of fr h 0; h 0 hg, is bounded by C n n! for a suitable constant C, independent of h.
The main consequence of the previous discussion is that, for k ! 0 (that is, for h ! ?1), the model is gaussian (asymptotic freedom) and the pair Schwinger function 
